We investigate the classical gravitational tests for the six-dimensional Kaluza-Klein model with spherical (of a radius a) compactification of the internal space. The model contains also a bare multidimensional cosmological constant Λ6. The matter, which corresponds to this ansatz, can be simulated by a perfect fluid with the vacuum equation of state in the external space and an arbitrary equation of state with the parameter ω1 in the internal space. For example, ω1 = 1 and ω1 = 2 correspond to the monopole two-forms and the Casimir effect, respectively. In the particular case Λ6 = 0, the parameter ω1 is also absent: ω1 = 0. In the weak-field approximation, we perturb the background ansatz by a point-like mass. We demonstrate that in the case ω1 > 0 the perturbed metric coefficients have the Yukawa type corrections with respect to the usual Newtonian gravitational potential. The inverse square law experiments restrict the parameters of the model: a/ √ ω1 6 × 10 −3 cm. Therefore, in the Solar system the parameterized post-Newtonian parameter γ is equal to 1 with very high accuracy. Thus, our model satisfies the gravitational experiments (the deflection of light and the time delay of radar echoes) at the same level of accuracy as General Relativity. We demonstrate also that our background matter provides the stable compactification of the internal space in the case ω1 > 0. However, if ω1 = 0, then the parameterized post-Newtonian parameter γ = 1/3, which strongly contradicts the observations.
massive bodies) perturb this metrics, and we have considered these perturbations in the weak-field approximation. First, we have shown that in the case of three-dimensional external/our space and dust-like equations of state [11] in the external and internal spaces, the PPN parameter γ = 1/(D − 2), where D is a total number of spatial dimensions. Obviously, D = 3 (i.e. the General Relativity case) is the only value which does not contradict the observations [8] . Second, in the papers [9, 10] , we have investigated the exact soliton solutions. In these solutions a gravitating source is uniformly smeared over the internal space and the non-relativistic gravitational potential exactly coincides with the Newtonian one. Here, we have found a class of solutions which are indistinguishable from General Relativity. We have called such solutions latent solitons. Black strings and black branes belong to this class. They have the dust-like equation of state p 0 = 0 in the external space and the relativistic equation of state p 1 = −ε/2 in the internal space. It is known (see [10, 12] ) that in the case of the three-dimensional external space with a dust-like perfect fluid, this combination of equations of state in the external and internal spaces does not spoil the internal space stabilization. Moreover, we have shown also that the number d 0 = 3 of the external dimensions is unique. Therefore, there is no problem for black strings and black branes to satisfy the gravitational experiments in the Solar system at the same level of accuracy as General Relativity. However, the main problem with the black strings/branes is to find a physically reasonable mechanism which can explain how the ordinary particles forming the astrophysical objects can acquire rather specific equations of state p i = −ε/2 (tension!) in the internal spaces. Thus, in the case of toroidal compactification, on the one hand we arrive at the contradiction with the experimental data for the physically reasonable gravitating source in the form of a point-like mass, on the other hand we have no problem with the experiments for black strings/branes but arrive at very strange equation of state in the internal spaces. How common is this problem for the Kaluza-Klein models?
To understand it, in the present paper we investigate a model with spherical compactification of the internal space. Therefore, in contrast to the previous case the background metrics is not flat but has a topology R × R 3 × S 2 . To make the internal space curved, we must introduce a background matter. We show that this matter can be simulated by a perfect fluid with the vacuum equation of state in the external space and an arbitrary equation of state with the parameter ω 1 in the internal space. Our model contains also a bare multidimensional cosmological constant Λ 6 . If Λ 6 is absent, then the parameter ω 1 is also equal to zero, i.e. the perfect fluid has the dust-like equation of state in the internal space. We perturb this background by a point-like mass and calculate the perturbed metric coefficients in the weak-field approximation up to the order 1/c 2 . In the case ω 1 > 0, these metric coefficients acquire the Yukawa correction terms with respect to the usual Newtonian gravitational potential. The Yukawa interaction is characterized by its mass which is proportional to √ ω 1 . The terrestrial inverse square law experiments [13] restrict such corrections and provide strong bounds on parameters of the model, e.g., on a radius of the internal two-sphere. We show that this radius is in many orders of magnitude less than the radius of the Sun. Obviously, in the Solar system we can drop the Yukawa correction terms with very high accuracy, and the parameterized post-Newtonian parameter γ is equal to 1 similar to General Relativity. Therefore, our model satisfies the gravitational experiments (the deflection of light and the time delay of radar echoes) at the same level of accuracy as General Relativity. On the other hand, in the case Λ 6 = 0, ω 1 = 0 (i.e. the Yukawa mass is equal to zero), the PPN parameter γ = 1/3 which exactly coincides with the formula γ = 1/(D − 2) for D = 5. Obviously, this value contradicts the observations. It is worth noting that ω 1 > 0 is the sufficient condition of the internal space stabilization in our model. Therefore, we demonstrate that the main problem of the case Λ 6 = 0 (as well as of the models in the papers [8] [9] [10] ) is that the internal space is not stabilized. We show that the inclusion of the background matter which stabilizes the internal two-sphere can solve the problem. The paper is organized as follows. In section II we define the background metrics and matter for the KaluzaKlein model with flat external space-time and spherical compactification of the internal space. We also include a bare six-dimensional cosmological constant Λ 6 . We perturb this background by a point-like mass and calculate the corresponding perturbed metric coefficients. Then, we define the conditions which provide the agreement with the observations. One of these conditions is the positivity of the equation of state parameter ω 1 in the internal space. In appendixes A and B we present formulas for the components of the Ricci tensor and, with the help of them, investigate the relations between the perturbed metric coefficients. In appendix C we prove that the background matter which satisfies the condition ω 1 > 0 stabilizes the internal two-sphere. The main results are summarized and discussed in section III.
II. BACKGROUND SOLUTION AND PERTURBATIONS
To start with, let us consider a factorizable sixdimensional static background metrics
which is defined on a product manifold M = M 4 × M 2 . M 4 describes external four-dimensional flat space-time and M 2 corresponds to the two-dimensional internal space which is a sphere with the radius (the internal space scale factor) a. We also include in the model a bare multidimensional cosmological constant Λ 6 . As we shall see below, we need such term to stabilize the internal space. Therefore, the Einstein equation reads
where κ ≡ 2S 5G6 /c 4 . Here, S 5 = 2π 5/2 /Γ(5/2) = 8π 2 /3 is the total solid angle (the surface area of the fourdimensional sphere of a unit radius) andG 6 is the gravitational constant in the six-dimensional space-time.
According to appendix A, the only nonzero components of the Ricci tensor for the metrics (1) are R 44 = 1 and R 55 = sin 2 ξ, and the scalar curvature is R = −2/a 2 . Therefore, the energy-momentum tensor which corresponds to the background metrics (1) is
This expression can be written in the form of the energymomentum tensor of a perfect fluid:
where the energy density and pressures in the external and internal spaces are respectivelȳ
The upper bar denotes the background values. Therefore, the equation of state in the external space reads
that is we have the vacuum-like equation of state in the external space, but the equation of state in the internal space is not fixed: (7) i.e. ω 1 is arbitrary. The case ω 1 = 0 automatically results in Λ 6 = 0. Choosing different values of ω 1 (with fixed ω 0 = −1), we can simulate different forms of matter. For example, ω 1 = 1 and ω 1 = 2 correspond to the monopole form-fields (the Freund-Rubin scheme of compactification) and the Casimir effect, respectively (see appendix C and [12, 14, 15] ). Now, we perturb our background ansatz by a static point-like massive source with non-relativistic rest mass density ρ. We suppose that the matter source is uniformly smeared over the internal space [16] . Hence, multidimensional ρ and three-dimensional ρ 3 rest mass densities are connected as follows: ρ = ρ 3 (r 3 )/ 4πa 2 [8, 18] . In the case of a point-like mass m, ρ 3 (r 3 ) = mδ(r 3 ), where r 3 = |r 3 | = x 2 + y 2 + z 2 . In the nonrelativistic approximation the only nonzero component of the energy-momentum tensor of the point-like mass isT 0 0 ≈ ρc 2 and up to linear in perturbations termŝ T 00 ≈ ρc 2 . Concerning the energy-momentum tensor of the background matter, we suppose that perturbation does not change the equations of state in the external and internal spaces, i.e. ω 0 and ω 1 are constants. For example, if we had a monopole form-fields (ω 0 = −1, ω 1 = 1) before the perturbation, the same type of matter we shall have after the perturbation. Therefore, the energymomentum tensor of the perturbed background is
where the correction ε 1 is of the same order of magnitude as the perturbation ρc 2 . The trace of (8) is T ≈ 2(2 − ω 1 )(ε + ε 1 ). We suppose that the perturbed metrics preserves its diagonal form. Obviously, the off-diagonal coefficients g 0α , α = 1, . . . , 5, are absent for the static metrics. It is also clear that in the case of uniformly smeared (over the internal space) perturbation, all metric coefficients depend only on x, y, z (see, e.g., [18] ), and the metric structure of the internal space does not change, i.e. F = E sin 2 ξ. It is not difficult to show that in this case the spatial part of the external metrics can be diagonalized by coordinate transformations. Moreover, if we additionally assume the spherical symmetry of the perturbation with respect to the external space, then all metric coefficients depend on r 3 and B(r 3 ) = C(r 3 ) = D(r 3 ). Therefore, the perturbed metrics reads
with
where we take into account the spherical symmetry of the perturbation with respect to the external space. All perturbed metric coefficients
are of the order of ε 1 . To find these coefficients we should solve the Einstein equation
where the energy-momentum tensor T ik is the sum of the perturbed backgroundT ik (8) and the energy-momentum tensor of the perturbationT ik . Then, we get the system
where △ 3 is the three-dimensional Laplace operator. Eqs. (12) show that B 1 = C 1 = D 1 and the relation B 1 = (1/3)A 1 takes place only in the particular case ω 1 = 0 (the case of [17] ). With the help of Eqs. (B9) and (12) we obtain
The comparison of (13) and (14) yields
The substitution of this relation back into (13) gives
Then, taking also into account (15), we can rewrite Eqs. (12) in the form
(17) In the case of smeared extra dimensions the rest mass density is ρ = m/ 4πa 2 δ(r 3 ). Hence, the Eq. (16) can be rewritten as follows
where parameters λ 2 ≡ a 2 /ω 1 and ν ≡ −a 2 4πG N m/c 2 . We also introduce the Newton gravitational constant via the relation
which exactly coincides with the formula (58) in [9] where the volume of the internal space V 2 = 4πa 2 . It is well known that to get the solution of (18) with the boundary condition E 1 → 0 for r 3 → +∞ the parameter λ 2 should be positive, i.e. the equation of state parameter ω 1 should satisfy the condition
Additionally, we can conclude from (7) that the bare sixdimensional cosmological constant is also positive: Λ 6 > 0. In the case of positive ω 1 , the solution of (18) reads
where the Newtonian potential ϕ N = −G N m/r 3 . Now, we can easily get the solutions of Eqs. (17):
It is well known that the metric correction term
2 ) describes the non-relativistic gravitational potential: A 1 = 2ϕ/c 2 . Therefore, this potential acquires the Yukawa correction term:
The parameter λ defines the characteristic range of Yukawa interaction. There is a strong restriction on this parameter from the inverse square law experiments. For the Yukawa parameter α = 1/2 (which is the prefactor in front of the exponent) the upper limit is [13] 
which provides the upper limit on the size a of the internal two-sphere. The ratio B 1 /A 1 goes to 1 in the limit r 3 ≫ λ. For example, for the gravitational experiments in the Solar system (the deflection of light and the time delay of radar echoes) we can take r 3 r ⊙ ∼ 7 × 10 10 cm. Then, for λ 6×10 −3 cm, we get r 3 /λ 10 13 . Therefore, with very high accuracy we can drop the Yukawa correction term, and the parameterized post-Newtonian parameter γ is equal to 1 similar to General Relativity, and we arrive at the concordance with the above-mentioned gravitational experiments.
Obviously, for r 3 ≪ λ the ratio B 1 /A 1 goes to 1/3. For the limiting case ω 1 = 0 ⇒ λ → +∞, this ratio is exactly equal to 1/3. Therefore, the PPN parameter γ = 1/3 which strongly contradicts the observations (see also [17] for the case of non-smeared extra dimensions). Exactly the same result we have for the models with toroidal compactification of the internal spaces and a point-like gravitating mass with the dust-like equations of state in the external and internal spaces (see [8] [9] [10] where γ = 1/ (D − 2) ). The Eq. (7) shows that ω 1 = 0 for the models with Λ 6 = 0. On the other hand, the parameter ω 1 defines the Yukawa mass squared (see the Eq. (18)). Therefore, the positiveness of Λ 6 is the necessary condition for the positiveness of the Yukawa mass squared in the models with spherical compactification. In appendix C, we show that this is also the sufficient condition of the internal space stabilization.
III. CONCLUSION AND DISCUSSION
To calculate the perihelion shift of planets and the deflection of light by the Sun, we need the metric coefficients in the weak-field limit. To perform the corresponding calculations in General Relativity, we usually assume that the background space-time metrics is flat and perturbation has the form of a point-like mass (see, e.g., [7] ). In our paper [8] , we generalized this procedure to the case of the extra dimensions. We considered flat background in the form of the Kaluza-Klein model with toroidal compactification of the internal space, and perturbed this background by a point-like mass. We found that obtained formulas lead to a strong contradiction with the observations. The exact soliton solutions considered in [9, 10] confirmed this result: the physically reasonable point-like massive source contradicts the observations. Among these solutions, latent solitons, in particular, black strings and black branes, are the only astrophysical objects which satisfy the gravitational experiments at the same level of accuracy as General Relativity. However, their matter source does not correspond to a point-like mass with the dust-like equations of state both in the external and internal spaces. In contrast, it has a very strange relativistic equation of state (tension) in the internal space. Obviously, such equation of state requires careful physical justification. Up to now, we do not aware about it.
Further, trying to understand the underlying problem with a point-like massive source, we investigated nonlinear f (R) models with toroidal compactification of the internal spaces [19] . Unfortunately, such modification of gravity does not save the situation. Here, to demonstrate the agreement with the observations at the same level of accuracy as General Relativity, the gravitating massive source should also have tension in the internal spaces [20] .
In the present paper, to avoid this problem, we considered the Kaluza-Klein model where the internal space is not flat but has the form of a two-sphere with the radius a. Similar to General Relativity, the external space-time background remains flat and the perturbation takes the form of a point-like mass. Additionally, we included a bare multidimensional cosmological constant and found that this is a crucial point for our model because it gives a possibility to stabilize the internal space. First, we found the background matter which corresponds to our metric ansatz. It was shown that this matter can be sim-ulated by a perfect fluid with the vacuum equation of state in the external space and an arbitrary equation of state with the parameter ω 1 in the internal space. Then, in the weak-field approximation we perturbed the background matter and metrics by a point-like mass. We assumed that such perturbation does not change the equations of state. We have shown that in the case ω 1 > 0 the perturbed metric coefficients have the Yukawa type corrections with respect to the usual Newtonian gravitational potential. The inverse square law experiments restrict such corrections and provide the following bound on the parameters of the model: a/ √ ω 1 6 × 10 −3 cm. Obviously, in the Solar system we can drop the Yukawa correction terms with very high accuracy, and the parameterized post-Newtonian parameter γ is equal to 1 similar to General Relativity. Therefore, our model satisfies the gravitational experiments (the deflection of light and the time delay of radar echoes) at the same level of accuracy as General Relativity. We have also found that our background matter provides the stable compactification of the internal space in the case ω 1 > 0. This is the main feature of our model with ω 1 > 0. Neither the models with toroidal compactification in [8] [9] [10] 19] nor the model with spherical compactification and ω 1 = 0 (see also [17] ) have this property. Therefore, we can achieve the agreement with the observations in models with the stable compactification of the internal spaces. This is the main conclusion of our paper. The usual drawback of such models consists in fine tuning of their parameters.
It is worth noting that the problem of stabilization of the internal spaces was extensively investigated in the literature in the framework of multidimensional cosmological models including the Freund-Rubin and Casimir mechanisms (see, e.g., [9, 15, 21, 22] ). Obviously, in this case we deal with the time-dependent multidimensional metrics, where the four-dimensional part corresponds usually either to Friedmann or to DeSitter space-time. Our present paper is devoted to the classical gravitational tests in the weak-field limit, e.g., in the Solar system, for Kaluza-Klein models. Clearly, this is an astrophysical problem with the static gravitational field. Stabilization of the internal spaces in such astrophysical models was not investigated sufficiently in the literature. As far as we know, the six-dimensional Kaluza-Klein model with spherical compactification of two extra dimensions is considered in detail with respect to observations in the Solar system for the first time. We produce the consistent generalization of the weak-field approximation in General Relativity to the considered multidimensional case and obtain solutions of Einstein equations in corresponding orders of approximation. Then, we explicitly demonstrate the crucial role of a bare six-dimensional cosmological constant and restrict the parameters, proceeding from the experimental constraints. The background matter is taken in the form of the perfect fluid with initially arbitrary equations of state. This choice is much more general than both Freund-Rubin two-forms and Casimir effect, which represent only particular cases. Our analysis shows that without the multidimensional cosmological constant these two mechanisms can not provide the flat external space and at the same time the curved (and stabilized!) internal space. Certainly, it is not evident from the very beginning. Moreover, our results enable us to estimate quantitatively the effect of extra dimensions on gravitational tests and, vice versa, to put experimental limitations on the parameters of our multidimensional model.
Here we introduce the Laplace operators:
For R 11 , R 22 and R 33 we obtain respectively:
Indexes denote everywhere the corresponding partial derivatives (e.g., A x ≡ ∂A/∂x). The components R 44 and R 55 read respectively:
Off-diagonal components
Obviously, for the static metrics the components R 01 , R 02 , R 03 , R 04 , R 05 are identically equal to zero. Let us now calculate the remaining 10 off-diagonal components:
Appendix B: Relations between metric coefficients First, we investigate expressions (A8)-(A10) in the case R 12 = R 13 = R 23 = 0. It can be easily seen that the equation R 12 = 0 has a solution
where C 1 (z, ξ, η), C 2 (z, ξ, η), f 1 (x) and f 2 (y) are arbitrary functions. We also assume that in the limit |x|, |y|, |z| → +∞ the perturbed metrics reduces to the background one. Thus, all perturbations
and F 1 as well as their partial derivatives vanish in this limit. Therefore, the right hand side of the above equation is equal to zero. Similar reasoning can be applied to equations R 13 = 0 and R 23 = 0. Then, we arrive at the following relations:
We consider models where the Einstein equation for all off-diagonal components is reduced to
We want to analyze these equations for components (A11)-(A17) with regard to the relations (B1). First, it can be easily seen that Einstein equations (B2) for components (A14)-(A16) give
where C 3 (ξ, η) is an arbitrary function. From the boundary conditions at |x|, |y|, |z| → +∞ we find that C 3 (ξ, η) = 0. Taking it into account, we get from (B1) and (B3) respectively
and
Differentiating (B4) with respect to ξ, we obtain
Let us consider now the case of the smeared extra dimensions.
Smeared extra dimensions
In this case, the matter source is uniformly smeared over the internal space [23] . It results in the metric coefficients A 1 , B 1 , C 1 , D 1 and E 1 depending only on the external coordinates x, y and z [18] . We require that the off-diagonal components must be like (B2). Then, equations R 15 = R 25 = R 35 = R 45 = 0 (where these offdiagonal components are defined by (A11)-(A13),(A17)) are automatically satisfied. It can be easily seen from (B1) that the coefficient F 1 ∼ sin 2 ξ. Moreover, to satisfy the Eq. (B7), it should have the form
Therefore, (B1) can be rewritten in the form
Appendix C: Stabilization of the internal two-sphere
To consider the stabilization of the internal space, we suppose that the scale factor of the internal space becomes a function of time: a → a(t). Then, the energy conservation equation has the simple integral for the energy density (see, e.g., (2.9) in [12] )
whereε c is a constant of integration. Let us introduce the following notation:
where a = exp(β 0 ) = const is some initial value or a position of the stable compactification. The latter corresponds to a minimum of an effective potential (see below). Hence, the Eq. (C 1) for the energy density reads
The mechanism of the internal space stabilization was described in detail in [12] . To get such stabilization, we should find a minimum (which corresponds toβ = 0) of the effective potential U ef f (β) = e −2β − 1 2R 1 e −2β + κΛ 6 + κε c e −2(ω1+1)β , (C 4) whereR 1 ≡ 2/a 2 = const is the scalar curvature of the internal space (two-sphere). The minimum of this potential defines an effective four-dimensional cosmological constant: Λ (4)ef f = U ef f (β = 0). We consider the case of flat external space-time. Therefore, the effective cosmological constant should be equal to zero: It can be easily verified that this condition follows also from Eqs. (5) and (7). Therefore, it is automatically satisfied for our model. To get the stabilization, the extremum should be a minimum:
where we have used the condition (C 5). It can be easily seen that the minimum takes place for ω 1 > 0 which exactly coincides with the condition (20) . Therefore, the case of dust ω 1 = 0 (the [17] case) does not fit this condition because the effective potential is flat. For example, in the case of the Freund-Rubin stable compactification (see, e.g., [12, 14, 15] ) with two-forms where |g 2 | = |g 44 g 55 | = a 4 sin 2 ξ is the determinant of the metrics on the sphere of the radius a, and ε ik is a totally antisymmetric Levi-Civita tensor with ε 45 = −ε 54 = 1, and f is a constant which we define below, the energymomentum tensor is
2 /(8π) g ik for i, k = 0, ..., 3 ;
− f 2 /(8π) g ik for i, k = 4, 5 .
(C 10)
The comparison of this expression with the background energy-momentum tensor (3) shows that the parameter of the equation of state in the internal space ω 1 = 1. Then, it can be easily seen with the help of Eqs. (7), (C 3) and (C 7) that we get the following fine tuning relations: with full agreement with the results of the paper [12] . Similarly, we can consider the stabilization by means of the Casimir effect where ω 1 = 2 [15] .
